Abstract. Following the natural instinct that when a group operates on a number field then every term in the class number formula should factorize 'compatibly' according to the representation theory (both complex and modular) of the group, we are led -in the spirit of Herbrand-Ribet's theorem on the p-component of the class number of Q(ζ p
Introduction
Let F be a number field contained in C withQ its algebraic closure in C. Let ρ : Gal(Q/F) → GL n (C) be an irreducible Galois representation with L(s, ρ) its associated Artin L-function. According to a famous conjecture of Artin, L(s, ρ) has an analytic continuation to an entire function on C unless ρ is the trivial representation, in which case it has a unique pole at s = 1 which is simple.
More generally, let M be an irreducible motive over Q with L(s, M) its associated Lfunction. According to Tate, L(s, M) has an analytic continuation to an entire function on C unless M is a twisted Tate motive Q[j] with Q[1] the motive associated to G m . For the motive Q = Q[0], L(s, Q) = ζ Q (s), the usual Riemann zeta function, which has a unique pole at s = 1 which is simple. This paper will deal with certain Artin representations ρ : Gal(Q/F) → GL n (C) for which we will know a priori that L(0, ρ) is a nonzero algebraic number (in particular, F will be totally real). It is then an important question to understand the nature of the algebraic number L(0, ρ): to know if it is an algebraic integer, but if not, what are its possible denominators. We think of the possible denominators in L(0, ρ), as existence of poles for L (0, ρ) , at the corresponding prime ideals ofZ. It is thus analogous to the conjectures of Artin and Tate, both in its aim -and as we will see -in its formulation. Since we have chosen to understand L-values at 0 instead of 1 which is where Artin and Tate conjectures are formulated, there is an 'ugly' twist by ω pthe action of Gal(Q/Q) on the p-th roots of unity -throughout the paper, giving a natural character ω p : Gal(Q/Q) → (Z/p) × , also a character of Gal(Q/L) for L any algebraic extension of Q, as well as a character of Gal(L/Q) if L is a Galois extension of Q containing p-th roots of unity; if there are no non-trivial p-th roots of unity in L, we will define ω p to be the trivial character of Gal(L/Q).
We now fix some notation. We will fix an isomorphism ofQ p with C whereQ p is a fixed algebraic closure of Q p , the field of p-adic numbers. This allows one to define p, a prime ideal inZ, the integral closure of Z in C, over the prime ideal generated by p in Z. The prime p will always be an odd prime in this paper.
All the finite dimensional representations of finite groups in this paper will take values in GL n (Q p ), and therefore in GL n (C), as well as GL n (Z p ). It thus makes sense to talk of 'reduction modulo p' of (complex) representations of finite groups. These reduced representations are well defined up to semi-simplification on vector spaces overF p (theorem of Brauer-Nesbitt); we denote the reduction modulo p of representations as ρ →ρ.
If F is a finite Galois extension of Q with Galois group G, then it is well-known that the zeta function ζ F (s) can be factorized as
where ρ ranges over all the irreducible complex representations of G, and L(s, ρ) denotes the Artin L-function associated to ρ. According to the class number formula, we have,
where r 1 , r 2 , h, R, w are the standard invariants associated to F: r 1 , the number of real embeddings; r 2 , number of pairs of complex conjugate embeddings which are not real; h, the class number of F; R, the regulator, and w the number of roots of unity in F. This paper considers ζ E /ζ F where E is a CM field with F its totally real subfield, in which case r 1 + r 2 is the same for E as for F, and the regulators of E and F too are the same except for a possible power of 2. Therefore for τ the complex conjugation on C,
where each of the L-values L(0, ρ) in the above expression are nonzero algebraic numbers by a theorem of Klingen and Siegel. In this identity, observe that L-functions are associated to C-representations of Gal(E/Q), whereas the classgroups of E and F are finite Galois modules. Modulo some details, we basically assert that for each odd prime p, each irreducible C-representation ρ of Gal(E/Q) contributes a certain number of copies (depending on p-adic valuation of L(0, ρ)) ofρ to the classgroup of E tensored with F p modulo the classgroup of F tensored with F p (up to semi-simplification). This is exactly what happens for E = Q(ζ p ) by the theorems of Herbrand and Ribet which is one of the main motivating example for all that we do here, and this is what we will review next.
The Herbrand-Ribet theorem
In this section we recall the Herbrand-Ribet theorem from the point of view of this paper. We refer to [Ri1] for the original work of Ribet, and [Was] for an exposition on the theorem together with a proof of Herbrand's theorem.
There are actually two a priori important aspects of the Herbrand-Ribet theorem dealing with the p-component of the classgroup for Q(ζ p ). First, the Galois group Gal(Q(ζ p )/Q) = (Z/p) × , being a cyclic group of order (p − 1), its action on the p-component of the classgroup is semi-simple, and the p-component of the classgroup can be written as a direct sum of eigenspaces for (Z/p) × . We do not consider this aspect of Herbrand-Ribet theorem to be important, and simply consider semisimplification of representations of Galois group on classgroups to be a good enough substitute.
The second -and more serious -aspect of Herbrand-Ribet theorem is that among the characters of Gal(Q(ζ p )/Q) = (Z/p) × , only the odd characters, i.e., characters χ : (Z/p) × → Q × p with χ(−1) = −1 present themselves -as it is only for these that there is any result about the χ-eigencomponent in the classgroup, and even among these, the Teichmüller character ω p : (Z/p) × → Q × p plays a role different from other characters of (Z/p) × . (Note that earlier we have used ω p for the action of Gal(Q/Q) on the p-th roots of unity, giving a natural character ω p : Gal(Q/Q) → (Z/p) × , as well as to its restriction to Gal(Q/L) for L any algebraic extension of Q. Since Gal(Q(ζ p )/Q) is canonically isomorphic to (Z/p) × , the two roles that ω p will play throughout the paper are actually the same.)
To elaborate on this aspect (the role of 'odd' characters in Herbrand-Ribet theorem), observe that the class number formula ζ F (s) = − hR w s r 1 +r 2 −1 + higher order terms, can be considered both for F = Q(ζ p ) as well as its maximal real subfield F + = Q(ζ p ) + . It is known that, cf. Prop 4.16 in [Was] ,
where R is the regulator for Q(ζ p ) and R + is the regulator for Q(ζ p ) + . We will similarly denote h and h + to be the order of the two class groups, with h − = h/h + , an integer. Dividing the class number formula of Q(ζ p ) by that of Q(ζ p ) + , we find,
the factor 1/p arising because there are 2p roots of unity in Q(ζ p ) and only 2 in
is an algebraic number which is given in terms of the generalized Bernoulli number B 1,χ as follows:
It is easy to see that pB 1,ω
is the trivial character of (Z/p) × whereas for all the other characters of (Z/p) × , L(0, χ) is not only an algebraic number but is p-adic integral (Schur orthogonality!); all this is clear by looking at the expression:
Rewrite the equation ( * ) up to p-adic units as,
where we note that both sides of the equality are p-adic integral elements; in fact, since all characters χ :
This when interpreted -just an interpretation in the optic of this paper without any suggestions for proof in either direction! -for each χ component on the two sides of this equality amounts to the theorem of Herbrand and Ribet which asserts that p divides L(0, χ) = −B 1,χ for χ an odd character of (Z/p) × , which is not ω p−2 p , if and only if the corresponding χ −1 -eigencomponent of the classgroup of Q(ζ p ) is nontrivial. (Note the χ −1 , and not χ!) Furthermore, the character ω p does not appear in the p-classgroup of Q(ζ p ). It can happen that L(0, χ) is divisible by higher powers of p than 1, and one expects -this is not proven yet! -that in such cases, the corresponding χ −1 -eigencomponent of the classgroup of
The work of Ribet was to prove that if p|B 1,χ , χ −1 -eigencomponent of the classgroup of Q(ζ p ) is nontrivial by constructing an unramified extension of Q(ζ p ) by using a congruence between a holomorphic cusp form and an Eisenstein series on GL 2 (A Q ).
To be able to use the class number formula in other situations, we will need to have the integrality of L(0, χ) for χ a character associated to the Galois group of a number field, or even of L(0, ρ) for general irreducible representations ρ of the Galois group of a number field, in more situations that we call mod p Artin-Tate conjecture. We begin with the following lemma. Lemma 1. Let ℓ, p be any two odd primes (ℓ = p is allowed). Let F be a totally real number field, and E = F(ζ p n ) be a quadratic CM extension of F. Let h − ℓ (E) be the order of the ℓ-primary part of the classgroup of E on which complex conjugation acts by −1; define h
By classfield theory, it suffices to prove that a cyclic degree ℓ unramified extension, say L, of Q(ζ p n ) on which complex conjugation acts by −1 on Gal(L/Q(ζ p n )) ∼ = Z/ℓ when inflated to E remains cyclic of degree ℓ, i.e., the degree of LE/E is ℓ. Assuming the contrary, we have LE = E, and since degree of E/F is 2, and p is odd, we must have LF = F, i.e., L ⊂ F, therefore complex conjugation must act trivially on L.
On the other hand, we know that complex conjugation does not act trivially on L.
Remark 1. It may be noted that we are not asserting that if Q(ζ p n ) ⊂ E, h(Q(ζ p n ))|h(E).
Let E be a CM number field which we assume is Galois over Q. Assume that E contains p n -th roots of unity but no p n+1 -st root of unity. Let F be the totally real subfield of E with [E : F] = 2. Let G = Gal(E/Q) with −1 ∈ G, the complex conjugation in G.
We have,
where all the products above are over irreducible representations ρ of G = Gal(E/Q). By the class number formula,
Dividing the equation (⋆1) by (⋆2), we have,
where the product on the right is taken over irreducible representations ρ of G = Gal(E/Q) for which ρ(−1) = −1, and which are not cyclotomic characters of the form χ :
It is known that L(0, ρ) ∈Q × for ρ(−1) = −1. This is a simple consequence of a theorem due to Klingen and Siegel that partial zeta functions of a totally real number field take rational values at all non-positive integers, cf. Tate's book [Tate] . (Note that to prove L(0, ρ) ∈Q × for ρ(−1) = −1, it suffices by Brauer to prove it for abelian CM extensions by a Lemma of Serre cf. Lemma 1.3 of Chapter III of Tate's book [Tate] .)
By Lemma 1, the left hand side of the equation (⋆3) is integral (except for powers of 2), and we would like to suggest the same for each term on the right hand side of the equation (⋆3) .
The following conjecture about L(0, ρ) extends the known integrality properties of L(0, χ) = −B 1,χ = − 
We next recall the following theorem of Deligne-Ribet, cf. [DR] , which could be considered as a weaker version of Conjecture 1.
Theorem. Let F be a totally real number field, and let χ : Gal(Q/F) →Q × be a character of finite order cutting out a CM extension K of F (which is not totally real). Let w be the order of the group of roots of unity in K. Then, wL(0, χ) ∈Z.
In fact Conjecture 1 can be used to make precise the above theorem of Deligne-Ribet as follows; the simple argument using the fact that the Artin L-function is invariant under induction from Gal(Q/F) to Gal(Q/Q) will be left to the reader.
Conjecture 2. Let F be a totally real number field, and χ
: A × F /F × →Z × p a finite order character, cutting out a non-real but CM extension. Then if L F (s, χ) ∈Z p , (1) χ mod p is ω −1 p . (2) χ is a character of A × F /F × associated
to a character of the Galois group Gal(F(ζ q )/F) for some q which is a power of p.
Remark 2. In the examples that I know, which are for characters χ :
has a (mod p) pole, the pole is of order 1; more precisely, if L = Q p [χ(Gal(Q p /Q p ))] is the subfield ofQ p generated by the image under χ of the decomposition group at p, then L(0, χ) is the inverse of a uniformizer of this field L. It would be nice to know if this is the case for characters χ of Gal(Q/F) for F arbitrary. This would be in the spirit of classical Artin's conjecture where the only possible poles of L(1, ρ), for ρ an irreducible representation of Gal(Q/F), are simple.
Proposed generalization of Herbrand-Ribet for CM number fields
The Herbrand-Ribet theorem is about the relationship of L-values L(0, χ) with the χ −1 -eigencomponent of the classgroup of Q(ζ p ). In the last section, we have proposed a precise conjecture about integrality properties for the L values L(0, ρ) . In this section, we now propose their relationship to classgroups.
We begin by introducing some notation involved in constructing in a functorial way an elementary abelian p-group A[p] out of a finite abelian group A with Since according to the theorem of Klingen and Siegel, the value L(0, ρ) for an odd representation ρ of Gal(Q/k), where k is a totally real number field, belongs to the algebraic number field generated by the character values of ρ, and since we are trying to equate powers of p appearing on the two sides of the class number formula, it will be important to consider only those representations ρ : Gal(Q/Q) → GL n (Q p ) which actually take values in Q unr p , the maximal unramified extension of Q p . Observe that the Brauer group of Q unr p is trivial, and thus an irreducible representation of a finite group is defined over Q unr p if and only if its character is defined over Q unr p . If an irreducible representation π of a finite group is defined overQ p , one can take the sum of the Galois conjugates π σ of π for σ ∈ Gal(Q p /Q unr p ), to construct canonically an irreducible representation, say π over Q unr p . The representation π can be reduced modulo p and the representation π modulo p, and the semi-simplification of these reductions are related by
where d is the number of distinct Galois conjugates of π under Gal(Q p /Q unr p ). Let E be a Galois CM extension of a totally real number field k with F the totally real subfield of E with [E : F] = 2, and G = Gal(E/k). Let τ denote the element of order 2 in the Galois group of E over F.
Let H E (resp. H F ) denote the class group of E (resp. F). Observe that the kernel of the natural map from H F to H E is a 2-group. (This follows from using the norm mapping from H E to H F .) Therefore since we are interested in p-primary components for only odd primes p, H F can be considered to be a subgroup of H E , and the quotient
The following conjecture on the structure of the minus-part of the classgroup of E (as a module for the Galois group G) is arrived at by considering the p-adic valuations of the two sides of the class number formula:
with E, F, k as above, and the first product taken over all irreducible representations ρ of G = Gal(E/k) with values in GL n (Q p ), whereas the second one is over all irreducible representations ρ of G = Gal(E/k) with values in GL n (Q unr p ). Since we are formulating the conjecture below based on equality of (p-adic valuations of) numbers in the class number formula, it is not sensitive to the subtlety discussed earlier about χ-eigencomponent in the classgroup of Q(µ p ) being cyclic or not; all we care is their order.
Conjecture 3. Let E be a CM, Galois extension of a totally real number field k, with F the totally real subfield of E, and τ ∈ Gal(E/F), the nontrivial element of the Galois group. Let ρ : Gal(E/k) → GL dn (Q unr p ) be an irreducible, odd (i.e., ρ(τ) = −1) representation of Gal(E/k) associated to an irreducible representation ρ : Gal(E/k) → GL n (Q p ) as above, withρ the semi-simplification of the reduction of ρ mod p for p an odd prime. Let ω p : Gal(E/k) → (Z/p) × be the action of Gal(E/k) on the p-th roots of unity in E (so Remark 3. I should add that Ribet's theorem is specific to Q(ζ p ) and although this section is very general, it could also be specialized to a CM abelian extension E of Q, and the action of the Galois group Gal(E/Q) on the full class group of E. Since class group of an abelian extension is not totally obvious from the classgroup of the corresponding cyclotomic field Q(ζ n ), even if we knew everything in the style of Ribet for Q(ζ n ), presumably there is still some work left to be done, and not just book keeping (for n which is a composite number)!
Integrality of Abelian L-values for Q
The aim of this section is to prove certain results on integrality of L(0, χ) for χ an odd Dirichlet character of Q which go as first examples of all the integrality conjectures made in this paper. Although these are all well-known results, we have decided to give our proofs.
Lemma 2. For integers
is an algebraic integer, i.e., belongs toZ ⊂Q.
, has a possible fraction by mn, and that in this sum over a ∈ {1, 2, · · · , mn}, if we instead sum over an arbitrary set A of integers which have these residues mod mn, then 1 mn ∑ a∈A aχ(a), will differ from B 1,χ by an integral element (inZ). Since our aim is to prove that B 1,χ is integral, it suffices to prove that 1 mn ∑ a∈A aχ(a) is integral for some set of representatives A ⊂ Z of residues mod mn.
For an integer a ∈ {1, 2, · · · , m}, letā be an arbitrary integer whose reduction mod m is a, and whose reduction mod n is 1. Similarly, for an integer b ∈ {1, 2, · · · , n}, letb be an arbitrary integer whose reduction mod n is b and whose reduction mod m is 1. Clearly, the set of integersā ·b represents -exactly once -each residue class mod mn, and thatā ·b as an element in Z goes to the pair (a, b) ∈ Z/m × Z/n. (It is important to note thatā ·b as an element in Z is not congruent to ab mod mn, and therein lies a subtlety in the Chinese remainder theorem: there is no simple inverse to the natural isomorphism: Z/mn → Z/m × Z/n.)
By definition of the character χ, χ(ā ·b) = χ 1 (a)χ 2 (b). It follows that,
Since the character χ is odd, one of the characters, say χ 2 is even (and χ 1 is odd).
Observe that,
where the last sum is zero because the character χ 2 is assumed to be non-trivial. Proof. Assuming that χ 1 = ω −1 p , we prove that B 1,χ belongs toZ ⊂Q. By an argument similar to the one used in the previous lemma, it can be checked that,
.
is easily seen to be integral. To prove the lemma, it then suffices to prove that,
Note the isomorphism of the additive group Z p with the multiplicative group 1 + pZ p by the map n → (1 + p) n ∈ 1 + pZ p . Let χ 2 (1 + p) = α with α p n−1 = 1.
Then (the first and third equality below is up toZ),
Congruences and their failure for L-values
This paper considers integrality properties of certain Artin L-functions at 0. It may seem most natural that if two such Artin representations ρ 1 , ρ 2 : Gal(Q/F) → GL n (Q p ) have the same semi-simplification mod-p and do not contain the character ω −1 p , then L(0, ρ 1 ) and L(0, ρ 2 ) which are inZ p by Conjecture 1, have the same reduction mod-p. This is not true even in the simplest case of Dirichlet characters for Q. It is possible to fix this problem for abelian characters of Q, and more generally for any totally real number field which is what this section strives to do, cf. Proposition 3. The recipe given in Proposition 3 immediately suggests itself in the non-abelian case, but we have not spelt it out.
The problem that we find dealing with abelian characters χ 1 , χ 2 is that they may be congruent for some prime, but may have different conductors in which case it is not the L-values L(0, χ 1 ) and L(0, χ 2 ) which are congruent, but a modified L-value, say L f (0, χ) which gives the right congruence; these L-values are product of
with L(0, χ) where ℘ are all primes dividing either the conductor of χ 1 or of χ 2 . It appears to this author that this recipe of modifying the L-function, which amounts to dropping some Euler factors, is not quite there in the literature (which is mostly about dropping the Euler factors above p).
We begin with some elementary lemmas which go into congruences of L-values at 0 of Dirichlet characters, and then we consider totally real number fields. Most of this section is the outcome of discussions with G. Asvin whom I thank heartily. 
Proof. Observe that,
where in the last step we have used that ∑ Here is the more general version of the previous proposition. Proof. Deligne and Ribet, cf. Theorem 0.4 of [DR] , see also Theorem 2.1 of [DR2] , and Proposition 1.4 of [DR2] , prove integrality of ∆ c (1 − k, χ), as well as the congruence between ∆ c (1 − k, χ 1 ) and ∆ c (1 − k, χ 2 ).
The final congruence between L f (0, χ 1 ) and L f (0, χ 2 ) follows as in Lemma 5 by choosing an integral ideal c coprime to pf such that (1 − χ(c)Nc) is a unit inZ p which follows just as in Lemma 5 for χ = χ 1 (hence for χ = χ 2 too), becauseχ 1 : G → F × p is not ω −1 p (see beginning of section 2 of [DR2] how the 'norm map' under the identification of characters on ideals coprime to f to characters of G becomes action of G on p-power roots of identity).
